By calculating correlation functions for the Lieb-Liniger model based on the algebraic Bethe ansatz method, we conduct a finite-size scaling analysis of the eigenstate thermalization hypothesis (ETH) which is considered to be a possible mechanism of thermalization in isolated quantum systems. We find that the ETH in the weak sense holds in the thermodynamic limit even for an integrable system although it does not hold in the strong sense. Based on the result of the finite-size scaling analysis, we compare the contribution of the weak ETH to thermalization with that of yet another thermalization mechanism, the typicality, and show that the former gives only a logarithmic correction to the latter. Introduction.-Recently, there has been a resurgence of interest in understanding thermalization from quantum mechanics [1, 2] due in part to experimental techniques in ultracold atomic gases which enable one to prepare, control, and measure isolated quantum systems [3, 4] , and also due to several theoretical advances [5-10]. Among possible mechanisms for thermalization, the eigenstate thermalization hypothesis (ETH) has attracted much attention [8, 15, 16] . The ETH states that the expectation value of an observable stays the same over manybody eigenstates having close eigenenergies in the thermodynamic limit. The validity of the ETH has been examined by using the numerical diagonalization of the Hamiltonian [8, [17] [18] [19] [20] . It has been claimed that the ETH holds for the case in which the system is non-integrable or chaotic [8, [18] [19] [20] . These studies focus on the dependence on the characteristics of the system such as geometrical configurations and parameter sets, whereas the size of the system cannot be changed sufficiently due to an exponential growth of the numerical cost. However, since the ETH concerns the thermodynamic limit, it is essential to analyze the finite-size scaling of the ETH.
By calculating correlation functions for the Lieb-Liniger model based on the algebraic Bethe ansatz method, we conduct a finite-size scaling analysis of the eigenstate thermalization hypothesis (ETH) which is considered to be a possible mechanism of thermalization in isolated quantum systems. We find that the ETH in the weak sense holds in the thermodynamic limit even for an integrable system although it does not hold in the strong sense. Based on the result of the finite-size scaling analysis, we compare the contribution of the weak ETH to thermalization with that of yet another thermalization mechanism, the typicality, and show that the former gives only a logarithmic correction to the latter. Introduction.-Recently, there has been a resurgence of interest in understanding thermalization from quantum mechanics [1, 2] due in part to experimental techniques in ultracold atomic gases which enable one to prepare, control, and measure isolated quantum systems [3, 4] , and also due to several theoretical advances [5] [6] [7] [8] [9] [10] . Among possible mechanisms for thermalization, the eigenstate thermalization hypothesis (ETH) has attracted much attention [8, 15, 16] . The ETH states that the expectation value of an observable stays the same over manybody eigenstates having close eigenenergies in the thermodynamic limit. The validity of the ETH has been examined by using the numerical diagonalization of the Hamiltonian [8, [17] [18] [19] [20] . It has been claimed that the ETH holds for the case in which the system is non-integrable or chaotic [8, [18] [19] [20] . These studies focus on the dependence on the characteristics of the system such as geometrical configurations and parameter sets, whereas the size of the system cannot be changed sufficiently due to an exponential growth of the numerical cost. However, since the ETH concerns the thermodynamic limit, it is essential to analyze the finite-size scaling of the ETH.
In this Rapid Communication, we identify the finitesize scaling properties of the ETH by calculating the correlation functions over each manybody eigenstate for the Lieb-Liniger model [21] in which the Bethe ansatz method allows us to obtain the exact manybody eigenstates and thus to circumvent the numerical difficulty in diagonalizing the Hamiltonian. We show the ETH holds in the weak sense but does not in the strong sense. (The definitions of weak and strong will be given below [22] .) In particular, the weak ETH becomes better satisfied for larger systems according to the power law in the number of particles of the system. This suggests that there exist situations in which the microcanonical ensemble is applicable to integrable systems in the thermodynamic limit, while the generalized microcanonical or Gibbs ensemble leads to better predictions in such systems including the Lieb-Liniger model [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] . Then, by using the result of the finite-size scaling of the weak ETH, we discuss the quantitative relation between the ETH and the typicality [6, [11] [12] [13] , the latter being yet another possible mechanism. of thermalization in isolated quantum systems. We find that the ETH contributes to thermalization at most as a logarithmic correction to the typicality.
Formulation of the Problem.-We consider an isolated quantum manybody system whose Hamiltonian is H. We denote each eigenstate of H with eigenenergy E i as |E i and expand the initial state |ψ 0 in terms of them: |ψ 0 = i C i |E i . Then, the state at time t is given by |ψ t = i C i e −iEit/ |E i . Here, we assume the condition of non-degenerate energy gaps [14] which states that if E i −E j = E k −E l = 0, then E i = E k and E j = E l . Then, according to the study of equilibration [7, 14] , if the inverse participation ratio Q −1 ≡ i |C i | 4 is sufficiently large, the time-dependent expectation value of an observable A relaxes to its long-time average:
which means that the fluctuation of ψ t |A|ψ t around A LT becomes negligible in the long run [7] . We note that the long-time average of A can be rewritten as
unless the Hamiltonian H has degeneracy (see Ref. [14] for the generalization to the case in which H has degeneracies). This is because the relative phases of the eigenstates become random and off-diagonal contributions in ψ t |A|ψ t vanish.
Thus, the microcanonical ensemble is applicable if A ME = A LT , where the microcanonical ensemble average is defined as follows:
Here, E ≡ ψ 0 |H|ψ 0 is the total energy of the system, δ is a macroscopically small energy width, and N state is the number of the eigenstates in the microcanonical window [E − δ, E + δ]. For the sake of convenience, we assume that the initial state has no weight outside the microcanonical window, i.e.,
To find the underlying mechanism for A ME = A LT , we must clarify the behavior of the eigenstate expectation value (EEV), E i |A|E i . The ETH states that the EEV stays constant over a microcanonical window in the thermodynamic limit. However, since numerical analyses can only address finite-size systems, there always exist some fluctuations in the EEV which we call the ETH noise. To quantify how well the ETH holds, we consider the variance of the ETH noise σ
The ETH can then be interpreted in the weak and the strong sense as σ A → 0 and s A → 0 in the thermodynamic limit, respectively [22] . The weak ETH allows an infinitesimal fraction of eigenstates, called rare states [22] , that make EEV's deviate from their local averages. Since the difference between A ME and A LT is bounded from above by s A , the strong ETH ensures A ME = A LT for any initial state. On the other hand, the weak ETH ensures A ME = A LT for initial states satisfying
state ) because the difference between A ME and A LT is bounded through the Schwarz inequality as
Because Q −1 represents an effective number of manybody eigenstates in the initial state, this assumption states that the initial state includes a large number of manybody eigenstates. This condition is satisfied for quantum quenches in nonintegrable systems [33] and suggested to be satisfied for those from nonintegrable to integrable systems [34] . However, this is not satisfied for quenches within integrable systems; the microcanonical description actually breaks down for this case [32, 33] . In this case, the generalized microcanonical or Gibbs ensemble are known to better predict the long-time average than the microcanonical ensemble [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] .
Model.-We analyze the finite-size scaling of the ETH noise by invoking the Lieb-Liniger model, which describes a one-dimensional Bose gas with a delta-function interaction. The Hamiltonian is given in units of = 2m = 1 as
where Ψ(x) is the bosonic field operator, L the linear dimension of the system, c the strength of the contact interaction, and the periodic boundary condition is assumed. The N -body eigenstates are constructed from the monodromy matrix [35] given by
where P and : · · · : denote path ordering and normal ordering of bosonic field operators, respectively. The Nbody eigenstate can be obtained by operating B(λ) Ntimes on the Fock vacuum |0 , |{λ j } ≡ N j=1 B(λ j ) |0 , provided that the set of parameters {λ j } N j=1 satisfy the Bethe equations
Since the energy and momentum of this state are given by E = [36] . These quantities are of great importance because they reflect the off-diagonal longrange order. Substituting Ψ † (x) = e −iP x Ψ(0)e iP x and inserting the completeness relation for the (N − 1)-body eigenstates, we obtain
where the summation is taken over all the (N − 1)-body eigenstates. The form factor {µ k }|Ψ(0)|{λ j } is reduced to N scalar products {µ k }|{λ j } j =l (l = 1, 2, . . . , N ) [37] , which are represented by the determinants of (N − 1) × (N − 1) matrices [38] . The crucial observation is that these determinants can be summed up, giving a single determinant of an N × N matrix [39] . This algebraic manipulation greatly reduces the computational task, enabling us to conduct a finite-size scaling for N as large as 35 . By increasing N and L with their ratio held fixed, we calculate the real and imaginary parts of the quantities {λ j }|Ψ † (x)Ψ(0)|{λ j } , as plotted in Fig. 1 . We set the parameters as c = 10 and x = 1/2, where the unit of length is taken to be the mean distance between particles L/N . The energy window is taken as [E g , E g + 10], where, i.e., E g is the ground-state energy which depends on the size of the system [40] . The summation on the RHS of Eq. (7) been obtained with accuracy over 97%. We have plotted all energy eigenstates in the energy window. The analyses of the ETH based on these data go as follows.
First, we consider the support of the ETH noise to examine the strong ETH. We fit each data with the leastsquares method and subtract the fitted line from the data. Then, we define the support of the ETH noise, s, by the difference between the maximum and minimum of the subtracted data [41] . The support is plotted against the number of particles in Fig. 2 , The data shows that, for both of the real and imaginary parts, there exist jumps between N = 15 and N = 16, which prevent the supports from decreasing monotonically. The origin of the jumps can be seen in the EEV's for N = 20 shown in Fig. 1 , where a pair of side branches indicated by circles emerge. Such branches begin to appear at N = 16 which explains a sudden jump in Fig. 2 . We may expect similar side branches to appear as we increase the system size. These additional branches, which are constituted from what are called rare states [22] , invalidate the strong ETH.
Second, we consider the variance of the data to examine the weak ETH. Since both the real and imaginary parts distribute around lines, we identify the variance of the data σ as the residual error of the least-squares method [41] . The dependence of σ on the size of the system is illustrated in Fig. 3 , which shows that the ETH noise decays with the number of the particles as σ ∝ N −α , where the exponent α is determined by the least-squares fit to be α = 1.43 ± 0.04 and 0.786 ± 0.008 for the real and imaginary parts, respectively. These results show that the weak ETH becomes better satisfied as we approach the thermodynamic limit, despite the fact that the Lieb-Liniger model is integrable, whereas previ-ous studies [8, [18] [19] [20] showed that the ETH holds worse in integrable systems than in non-integrable chaotic systems at a fixed size of the system. Our result implies that, if the inverse participation ratio of the initial state is sufficiently large, the microcanonical ensemble is applicable also to integrable systems in the thermodynamic limit. It is known that we can construct a special class of initial states which give near-thermal distributions in integrable systems but conserved quantities do not become arbitrarily close to thermal expectation values even in the thermodynamic limit. [34, 43] . On the other hand, our results show that expectation values of non-conserved quantities converge to the thermal expectation values as we increase the system size.
Interplay between ETH and Typicality.-Now that we have identified the power-law scaling of the ETH noise, we can discuss which of the weak ETH and the typicality [6, [11] [12] [13] dominantly contributes to thermalization. The typicality concerns the universal statisticalmechanical properties that are shared by randomly generated quantum states. Here, we follow the typicality argument and show that the long-time average is close to the microcanonical ensemble average for almost all initial states. We assume that the initial state is a linear combination of the manybody eigenstates in an energy window: |ψ =
Nstate i=1
C i |E i , where the set of the co-
satisfy the normalization condition
|C i | 2 = 1. Namely, 2N state parameters Re C i and Im C i (i = 1, 2, . . . , N state ) can be represented as a point on the (2N state − 1)-dimensional sphere whose radius is 1. We denote the average over the uniform measure on the high-dimensional sphere as an overline. For example, C i = 0 and |C i | 2 = 1/N state . Then, the initialstate average of a long-time-averaged quantity is given by A LT = A ME , and the variance is obtained as
where
E i |A|E i − A ME 2 . Thus, the typical magnitude of the difference between the long-time average and the microcanonical ensemble average is given by
and N state ∼ e N , the scaling of the typical magnitude of the difference turns out to be
The first and second terms in the exponent describe the contributions from the typicality and the ETH, respectively. In this sense, the ETH contributes to thermalization at most as a logarithmic correction to the typicality.
Conclusions and Discussions.-In this Letter, we have conducted a finite-size scaling analysis of the ETH by applying the algebraic Bethe ansatz method to the LiebLiniger model, and shown that the weak ETH holds in the sense that the variance of the ETH noise vanishes as a power law in the number of particles of the system. The weak ETH does not necessarily mean the applicability of the microcanonical ensemble for any initial state due to rare states [22] . We have shown that the microcanonical ensemble is applicable even in integrable systems if the inverse participation ratio of the initial state is sufficiently large. The thermalization problem for the case in which the inverse participation ratio is not that large remains an open question.
The finite-size scaling analysis has enabled us to study the quantitative relations between the ETH and yet another scenario for thermalization, the typicality. We find that the contribution of the ETH to thermalization is at most a logarithmic correction to that of the typicality. This originates from the fact that the ETH is the effect of the order of some powers of the degree of freedom of the system, whereas the typicality argument utilizes the immense dimensionality of the Hilbert space that grows exponentially with increasing the degrees of freedom. The scaling relation (9) which includes the ETH as a small correction to other factors is obtained by invoking the properties of energy eigenstates. However, the fact that it has been derived by the typicality (see Eq. (9)), which relies only on the immense dimensionality of the Hilbert space with a uniform Haar measure, strongly suggests that the obtained relation holds quite generally. This finding merits further study.
